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Abstract 

We establish a family of point-like impurities which preserve the quantum 
integrability of the non-linear Schrodinger model in 1+1 space-time dimen- 
sions. We briefly describe the construction of the exact second quantized 
solution of this model in terms of an appropriate reflection-transmission al- 
gebra. The basic physical properties of the solution, including the space-time 
symmetry of the bulk scattering matrix, are also discussed. 
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1 Preliminaries 



We present in this Letter the exact solution of the quantum non-linear Schrodinger 
(NLS) model with point-like impurity in 1+1 space-time dimensions. We focus 
mainly on the physical properties of the solution, referring for the mathematical 
details and proofs to 0. Being the first exactly solvable example with non-trivial 
bulk scattering matrix, the NLS model provides valuable information about the 
interplay between point-like impurities, integrability and symmetries. 

Assuming that the impurity is localized at x — 0, the model we are concerned 
with is defined by the equation of motion 

(id t + dl)$(t,x) -2g\<S>(t,x)\ 2 $(t,x) =0, x ^0, (1.1) 

and the impurity boundary conditions 

*(f,+0) \_ a (a b\( $(t,-0) \ 

where 

{a, d G M, a G C : ad — be = 1, aa = 1} . (1.3) 

Eq. (jl.2|) captures the interaction of the field $ with the impurity j2j Ej and deserves 
some explanation. The parameters (jl.Hj) label the self-adjoint extensions of the 
operator —d x , defined on the space C^°(1R \ {0}) of smooth functions with compact 
support separated from the origin x = 0. This operator is not self-adjoint, but its 
closure admits self-adjoint extensions, which are parametrized 0] in terms of (|1.3J) . 
In order to avoid the presence of bound states, we take below g > and restrict 
further the parameters (|1.3|) according to: 



a 



+ d+ ^{a-d) 2 + A< 0, 6<0, 

c(a + dy x > 0, 6 = 0, (1.4) 

a + d- ^(a-d) 2 + 4>0, b>0. 

The operator —d 2 has no bound states in the domain (jl.4|) . A complete orthonormal 
system of scattering states is given by 

tfj+(x) = 6(-x)T+{k)e lkx + 9{x) [e lkx + RX{-k)e~ ikx } , k < , (1.5) 
$-{x) = 6{x)T-{k)e ikx + 6(-x) [e lkx + RZ(-k)e~ ikx ] , k > , (1.6) 
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where 9 denotes the standard Heaviside function and 

+ bk 2 + ijfl -d)k + c 2tak 

B - (j) _ bk 2 + i(a-d)k + c + -2iak 

- { > bk 2 -i{a + d)k-c' { > bk 2 -i(a + d)k-c' { } 

are the reflection and transmission coefficients from the impurity. It is easily verified 
that the reflection and transmission matrices, defined by 

satisfy hermitian analyticity 

n{ky = n{-k), T{ky = T(k), (1.10) 

and unitarity 

T(k)T (k) + TZ(k)TZ(-k) = I , (1.11) 

T(k)n{k) + n{k)r{-k) = o . (i.i2) 

Let us observe in passing that the reflection x \— > — x leaves invariant eq. 1)1. ip . but 
not always (J1.2|) . The parity preserving impurities are selected by 

a = d , a — a. (1-13) 

We conclude this section by pointing out that the impurity boundary conditions 
(jl.2|) can be implemented, coupling the field $ to an external potential with support 
in x = 0. The set 

{a = d= 1, 6 = 0, c = 2r?; a = 1} (1.14) 
for instance, corresponds to the potential 

V(x) = 2r/5(x) , (1.15) 

known as 5-impurity. A general potential, which incorporates all four real parame- 
ters (jl.3p . has been suggested recently in [3]. 
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2 The solution 



When considered on the whole line M, eq. defines one of the most extensively 

studied integrable systems, which has been solved [H| JD] by means of the inverse 
scattering transform jllj . We will show below that this method can be extended to 
eqs. (jl.ipi.2j) as well. For this purpose we will generalize to the case with impurity 
the Rosales ^21 EH] series expansion of the solution in terms of the scattering data. 
A similar generalization has already been used for solving ^] the boundary 
value problem associated with (jl.lj) on the the half-line R + . 

It is instructive to display first the classical solution of eqs. (jl.lll.2|) . We intro- 
duce the fields $± defined by 

{$_(£,£), x<0, 
i / , \ n (2.1) 

<f> + (t,x), x>0, v ' 

and inspired by G2] consider the series representation 

oo 

^ ± (t,x)=Y,(-9) n ^±\t,x), (2.2) 



n=0 



with 



n n 

^±\t,x)= [ n^^A ± (^)...A ± b n )A ± (g n )...A ± ( go )^ , 

/ Z7T Z7T -i — r / \ / \ 

;=l U(Pi - Qi-i){Pi - Qi) 

i=l 

(2.3) 

where the bar denotes complex conjugation and \± define two solutions 

€\t,x) = J ^\±{q)e^-i 2t \ (2.4) 

of the free Schrodinger equation. For sufficiently smooth A± the series fl2.2j) converges 
and Rosales argument guarantees that $ is a solution of p. 1)1 . In order to satisfy 
the boundary condition (jl.2J) . we take A± of the form 



A+(*) \_( 1 T~(k) \ ( fi+(k) \ ( Rl(k) \ / fi + (-k) 

A-(*) J \T+(k) i V iC(*0 J V M-*0 



(2.5) 



3 



where /i± are smooth functions with certain decay and analyticity properties. Then 
the conditions (|1.4|) guarantee the smoothness of \± and using unitarity (|1.12|) . one 
easily verifies that A± satisfy 

X+{k) = T~(k) X-(k) + R+(k) X+(-k) , (2.6) 
\_(k) = T+(k) X+(k) + RZ(k) \-{-k) . (2.7) 

Following pQ, one can prove now that the boundary condition (jl.2j) holds order by 
order in g. The order n = is a direct consequence of (J2.b12.7j) . For checking the 
higher orders it is convenient to introduce the new variables (3± defined by 

P+(k) \ ( X+{k) \ ( a(d + ibk) \ ( X+(-k) 

P-(k) J \X.(k) J + \ -a(d + tbk) J \ X-(-k) 

and use that 

The freedom remaining in the choice of fi± is fixed by the initial conditions. We will 
discuss this point at the quantum level, where the initial conditions are captured by 
the canonical commutation relations (see ()2.8|2.9|) below). 

We turn now to the quantum case, fixing first of all the basic structures which 
are involved in the second quantization of eqs. (|l.l|1.2jl . They are: 

• A Hilbert space Ti with positive definite scalar product (• , •), which describes 
the states of the system; 

• An operator valued distribution $(t, x), defined on a dense domain T> C Ti and 
satisfying the equation of motion p.lj) and the impurity boundary condition 
()1.2j) in mean value on T>, as well as the equal time canonical commutation 
relations 

mt,x) , $(t,y)] = [$*(t,a;) , $*(t,y)] = 0, (2.8) 
[$(t,x),$*(t,y))=6{x-y), (2.9) 
where $* is the Hermitian conjugate of $; 

• A distinguished normalizable state Q G T> - the vacuum, which is cyclic with 
respect to the field $*. 
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Our goal now is to describe the construction of the elements {Ti, V, Q, $} with 
the above properties. A convenient starting point is the well-known bulk scattering 
matrix 

Sfr-k.) = (2.10) 

of the quantum NLS model without impurity. In terms of (j2.1()j) we define the 4x4 
matrix 

h) = S( ai h - a 2 k 2 )5i\ b% , <Xi,Pi = ±, (2.11) 

which will turn out to be the bulk scattering matrix with impurity. As a preliminary 
step in verifying this statement, one can show that S satisfies unitarity 

<Sn(ki, k 2 ) S 2 i(k 2 , k\) = I ® I , (2.12) 

hermitian analyticity 

S\ 2 (k 1 ,k 2 ) = S 21 (k 2} k 1 ) } (2.13) 
the quantum Yang-Baxter equation 

Si2{h, k 2 )S 13 (k 1 , k 3 )S 23 (k 2 , k 3 ) = S 23 (k 2 , k 3 )S 13 (k!, k^Suih, k 2 ) , (2.14) 

and the boundary Yang-Baxter equation 

«Si2(fci, h) T^i{ki) S 21 (k 2 , -h) TZ 2 {k 2 ) = 

n 2 {k 2 ) s 12 (h, -k 2 ) n x {k x ) s 21 (-k 2 , -h) , (2.15) 

where TZ is the reflection matrix (|1.9|) and the conventional tensor notation has been 
used. It is worth stressing that the entries and SZZ depend on k x — k 2 and 
are therefore Galilean invariant. On the contrary, S\z and Sz\ being functions of 
k\ + k 2 break this symmetry. 

The matrix S with the properties (|2.12H2.l3|) identifies a reflection-transmission 
(RT) algebra Cs [HUE!, which is the basic tool of our construction. The general 
concept of RT algebra has been designed for describing factorized scattering in 
integrable models with impurities. In what follows we will show that in the NLS 
model the algebra Cs allows to reconstruct the off-shell quantum field $ as well. 
Cs is an associative algebra with identity 1, particle {a* a (k), a a (k)} and impurity 
(defect) {r^(k), t@(k)} generators obeying: 

(i) bulk exchange relations 

a ai (h) a a2 {k 2 ) - SPf a \(k 2 ,h) a P2 {k 2 ) a Pl {h) = 0, (2.16) 
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a^ik^a^ik^-a^ik^a^ikJSfJl^h) = 0, (2.17) 

a ai (h)a* a >(k 2 ) - a* fia {k 2 )S^(k 1} k 2 )ai3 1 (k 1 ) = 
27r5(h - k 2 ) [5% 1 + + 27r 5 ( k i + k ?) ; ( 2 - 18 ) 
(ii) defect exchange relations 

$2£(*i> *a) S^(k 2 , -h) rf 2 (k 2 ) = 

rll(h) S*%(k lt -k 2 ) rJKh) -h) ; (2.19) 

s:\l 2 2 (h, k 2 ) t s -{h) s^ih, h) 4i{k 2 ) = 

tZ (h) S s a \% (h, k 2 ) t]l (h) Sg* (k 2 , h) ; (2.20) 



Sl\l\ (kx, k 2 ) ^ (A*) 5J£ (A*, fcO rgCfe) = 

rllih) S s a \%(h, -k 2 ) tJKh) S^(-k 2 , h) ; (2.21) 

(iii) mixed exchange relations 

a ai (h) ril (k 2 ) = (k 2 , h) r^l (k 2 ) S*f 2 (k h -k 2 ) a Sl (h) , (2.22) 

"iWo^W =a^(k 2 )Si\l(k l ,k 2 )r]l(k 1 )S^(k 2 ,-k^ , (2.23) 

a ai (h) t 2 (k 2 ) = S2H\(k 2 , h) t^ih) S*f 2 (k h k 2 ) a Sl (h) , (2.24) 

C(h)a^(k 2 ) =a^(k 2 )Si\f 2 (k u k 2 )tl(k 1 )S^f(k 2 ,k 1 ) , (2.25) 

(iv) unitarity 

C (k)tf (k) + {k)rf (-k) = 5% , ( 2 -26) 

t 1 {k)rf{k)+ri i {k)t^{-k) = Q. (2.27) 



As suggested by ()1.9j) . we assume that r(k) is a diagonal matrix while t(k) is 
an anti-diagonal one. Then, due to the particular form of the iS-matrix, the defect 
relations (ii) are equivalent to 

[r£(*i),r2(A*)] = 0, [rgM.tgte)] = 0, [<£(*!),*£(*&)] = 0. 

The Fock representations ^{Cs) of C$ have been classified and explicitly con- 
structed in [T7j. As usual, each Fock representation involves a cyclic (vacuum) state 
fl obeying 

a±(k)tt = 0. (2.28) 
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We recall also that each \<ji,t G 3~{Cs) is uniquely defined by the doublet {7Z, T}, 
satisfying eqs. p.lUMTTT2l2.15j) . The quantum version of eqs. (|2.b12.7|) is 

o«(*0 = €(k)ap(k)+rP(k)a p (-k), (2.29) 
a* a (k) = a*P(k)t%(k)+a* p (-k)r%(-k), (2.30) 

which hold in any \k,t- 

The attention in [TniUZj has been mainly focused on the subclass 3~{Cs) C J-{Cs) 
of representations, characterized by reflection matrices satisfying 

s 12 {h, k 2 )K 2 {h) = n 2 {k 1 )S 12 {-k 1 , h) , (2.3i) 

which is stronger than the boundary Yang-Baxter equation (j2.15|) . We stress in this 
respect that S and 1Z in the impurity NLS model obey (|2.15j) but not (|2.31j) . i.e. in 

our case X-R.,r ^ F(Cs)- 

The boundary Yang-Baxter equation (J2.15j) is actually the vacuum expectation 
value of the defect exchange relation (|2.19ft in the representation \ti,t- Taking the 
vacuum expectation value of the remaining relations (j2.2QI2.21|) . one obtains the 
transmission Yang-Baxter equation 

Snih, k 2 ) T x {k x ) S 21 (k 2 , h) T 2 (k 2 ) = 
%{k 2 ) S 12 (h, k 2 ) T x {k x ) S 21 (k 2 , h) , (2.32) 

and the mixed reflection-transmission Yang-Baxter equation 

Si 2 {h, k 2 ) Ti(fci) «S 2 i(A;2, h) Tl 2 (k 2 ) = 
n 2 (k 2 ) S 12 (k u -k 2 ) T^h) S 21 (-k 2 , h) . (2.33) 

The relations (|2.32I2.33|) have been discovered in ^7j, where it is shown that they 
are a general consequence of (|1.10H1. 1212.15)) . The validity of ()2.32I2.33|) in our case 
can be checked directly, inserting 912. lift . 

At this stage we can define the basic structure {H, V, fl, $} in terms of \n,T as 
follows: 



• 7i, (■ , •) and Q are the Hilbert space, the scalar product and the vacuum state 
of \k,t, where {1Z, T} and S are given by (|1.7H1.9|) and (|2.11|) respectively. 
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• The quantum fields $±, denned by ([2.1)1 . admit the series representation (|2.2j) . 
where 

J i=1 7T 7T 

n n 

» E (qjx-tft)-! Yl (pix-pjt) 

p 3=0 »=1 

"n • ( 2 - 34 ) 

EI (ft ~ Qi-l =F * e )fe - ?i =F « £ ) 
i=l 

• The domain T> is the finite particle subspace of X-r,,t, which is well-known to 
be dense in TC. 

The mere fact that our system interacts with an impurity shows up at the alge- 
braic level, turning the Zamolodchikov-Faddeev (ZF) algebra from the impurity-free 
case [H]-[inj to an RT algebra (j2.16fJ2~2Tj) . The details characterizing the impurity 
enter the construction at the level of representation by means of the reflection and 
transmission matrices (jl.9|) . Notice also that the series (|2.2|) is actually a finite sum 
when $ is acting on D. The coupling constant g appears explicitly in ()2.2|) and im- 
plicitly in a a and a* a which depend on g through S. The properties of the quantum 
field defined above, are summarized in the following 

Proposition: x) is a well-defined operator-valued distribution satisfying 
the canonical commutation relations (j2.8J2.9j) on V, as well as the equation of motion 

(idt + %)(<p,${t,x)il>) = 2g(<p,:Q®*Q:{t,x)il>), x^O, (2.35) 

and the boundary conditions 

\im( (V'^MV') \ =a ( a Mlimf (^ $ (^> 
xio \d x ((p, $(t,x)if>) J \ c d J xio \ d x ((p, $(t,x)if>) 

lim (^,$(t,x)^) = 0, (2.37) 

x— »±oo 

for any ip, ip E T>. 

For the proof of this statement we refer to pQ, where the 5-impurity (see eq. 
(I1.14J1 ) is considered in detail. Following the normal product : ■ • • : in ()2.35|) 
preserves the original order of the creators; the original order of two annihilators is 




8 



preserved if both belong to the same $ or <3>* and inverted otherwise. Since $ and 
the hermitian conjugate $* are unbounded operators, the delicate points in proving 
the above proposition are essentially domain problems. They are solved taking into 
account that the reflection and transmission amplitudes R+ and (RZ and Tj") 
have no poles in the complex upper (lower) half-plane, which is a consequence of 
condition (J1.4)) ensuring the absence of impurity bound states. 

For a = a = d = 1 and b = c = one expects to recover from (J2.34)) the solution 
of the NLS equation without impurity. We will show now that this is indeed the 
case. First of all we observe that in this limit 

TZ(k) = 0, T(k)=( J J ) • (2-38) 

Because of (I2.b12.7|) . in the classical case one finds A_(/c) = X + (k) and $ defined by 
(|2.1H2.3|) precisely reproduces the classical solution without impurity. The quantum 
case is slightly more involved. The data ()2.38|) fix a Fock representation of C$ in 
which 

r(k) = 0, t(k) = 
From eq. ()2.26|) one deduces that 

t~ tt = t± t~ 

where 1 is the identity operator in TC. We stress however that tZ and tZ are not 
proportional to 1, since they do not commute with a±(k) (see eq. (|2.24j0 . In 
agreement with this fact and consistently with the exchange relations (j2.16fJ2~T%j) 
and the form of the bulk scattering matrix, one has a_(k) ^ a + (k). Therefore the 
argument used at the classical level does not apply and one must proceed in the 
quantum case differently. We observe in this respect that inserting (|2.39J) in (j2.18jh 
one concludes that the polynomials of the operators {a* + (k), a + (k), 1} close a ZF 
algebra A+ with exchange factor <S££(fci, k 2 ) = S(kx — k 2 ). Applied on the vacuum 
Q, the elements of A+ generate a subspace 7i + C Ti. By construction the quantum 
field $ + leaves invariant T> + = T> D H.+ and its restriction $+|© + on T> + solves 
[TUj the impurity-free NLS equation. Analogously, the algebra A- generated by 
{a*~(k), a_(/c), 1} is a ZF algebra with exchange factor <S~(fci, k 2 ) = S(—ki + k 2 ). 
The counterpart of 7i + defines the domain T>_ — T> D 7~C-, which is invariant 
under The restriction $_|j>_ is also a solution of the NLS equation without 
impurity. Being related by a parity transformation x \— > —x, which is a symmetry 



t: 



(2.39) 



(2.40) 
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in this case, and are unitary equivalent. Finally, the fact that in 

momentum space parity is implemented by k i— > —k, explains the relation 

S++(k 1 ,k 2 )=SZZ(-k 1 ,-k 2 ). (2.41) 

Turning back to the general impurity case, one can directly verify by means of 
(I2.34J1 that the Hamiltonian H, which generates the time evolution 

x) = e itH $(0, x) e~ itH , (2.42) 

has the familiar quadratic form 

/dk 

—k 2 a* a {k)a a (k) . (2.43) 

H is actually the second term of a whole sequence 122] 

/dk 
—k 2n a* a (k)a a (k), n = 0,1,2,... (2.44) 
27T 

of integrals of motion in involution. In this sense the impurity system under con- 
sideration is integrable. The simple form of H n is among the advantages of the RT 
algebra approach. 

Employing ()2.2I2.34|) . one can construct all correlation functions of $ and $*. 
The structure of ()2.34|) implies that for the 2n-point function one needs at most the 
(n — l)-th order contribution in (|2.2j) . In fact, one has for example 

(e{x 1 )9{x 2 ) [e ikX12 + RX(k)e lk * 12 ] + e(- Xl )8(-x 2 ) [e ikxi2 + RZ(k)e ik * 12 ] + 

e(x 1 )6(-x 2 )T-{k)e lkX12 + e(-x l )6(x 2 )TZ{k)e ikxi2 \ , (2.45) 



where £ 12 = t\ — 1 2 , X\ 2 = X\ — x 2 and x 12 = X\ + x 2 . Analogous, but more involved 
integral representations hold for the 2n-point functions with n > 1. 

In it is also shown that $ and $* admit asymptotic limits in a suitably adapted 
to the impurity case Haag-Ruelle scattering theory. The net result is that the 
asymptotic states are obtained applying the creation operators a* 1 * 1 to the vacuum fl: 
in M + and R_ the asymptotic incoming particles are generated by {a* + (k) : k < 0} 
and {a*~(k) : k > 0} respectively, while the outgoing particles are created by 
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{a* + (k) : k > 0} and {a*~{k) : k < 0}. The scattering amplitudes are thus 
derived in a purely algebraic way, using the exchange relation (J2.18)) and the fact 
that according to ()2.28j) a± annihilate Q. As expected, the total scattering operator 
S factorizes, the factors being the bulk scattering matrix S (12.11}) and the reflection 
and transition matrices TZ and T (jl.9|) . 

Summarising, we have established a family (J1.2H1.4|) of point -like impurities in- 
teracting with the NLS field, which preserve quantum integrability. These systems 
can be investigated by the inverse scattering method. We have shown in this respect 
that the RT algebra Cs and its Fock representation Xtz,t allow to construct not only 
the scattering operator but also the off-shell quantum field x). 

3 Discussion 

A debated and physically relevant question in the theory of integrable systems with 
impurities concerns the space-time symmetry of the bulk scattering matrix S. It is 
well-known that impurities break down Galilean (Lorentz) invariance in the total 
scattering matrix S. However, since S describes the scattering away from the im- 
purity, one might be tempted to assume [H|-[2n] that S preserves these symmetries 
and that the breaking in S is generated exclusively by the reflection and transmission 
coefficients TZ and T. Unfortunately however, the conditions of factorized scattering 
then imply fSJ 120] that S is constant. Being too restrictive, this property limits 
very much the interest in such systems. In order to avoid the problem, a consistent 
factorized scattering theory of a unitary scattering operator has been developed in 
[To^ IT7j in terms of RT algebras, without necessarily assuming that S is Galilean 
(Lorentz) invariant. The impurity NLS model considered above, is the first concrete 
application of this framework with non-trivial bulk scattering. The lesson from it 
is quite instructive. Focusing on (|2.11j) . we see that Galilean invariance is indeed 
broken by the entries of S, which describe the scattering of two incoming particles 
localized for t — > — oo on R_ and M + respectively. In fact, these entries depend 
on k\ + &2 and not on k\ — k%. The intuitive reason behind this breaking is that 
before such particles scatter, one of them must necessarily cross the impurity. The 
non-trivial transmission is therefore the origin of the symmetry breaking in S. This 
conclusion agrees with the observation that in systems which allow only reflection 
(e.g. models on the half-line), one can have both Galilean (Lorentz) invariant and 
non-constant bulk scattering matrices. 

For simplicity we focused in this paper on linear impurity boundary conditions. 
One can expect however that there exist non-liner boundary conditions of the type 
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proposed in 1231 f° r the Toda model, which also preserve the integrability of the 
NLS equation. 

Another aspect which deserves further investigation is the issue of internal sym- 
metries in the presence of impurities. This question has been partially addressed in 
|2*H l22j. where the role of the reflection and transmission elements of the RT algebra 
as symmetry generators has been established. It will be interesting in this respect to 
extend the analysis of the SU(N)-NLS model on the half-line to the impurity 
case. 

Let us conclude by observing that the concept of RT algebra indeed represents 
a powerful tool for solving the NLS model with impurities. We strongly believe 
that this algebraic framework is actually universal and applies to the quantization 
of other systems as well. 

Acknowledgments: We thank the referee for the constructive criticism. 
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